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Abstract
We present an unified approach for the study of idealized gravitational compact
objects like wormholes and horizonless stars, here simulated by the presence of bound-
ary conditions at a deeply inner wall. At classical level, namely neglecting quantum
effects, the presence of the wall leads to characteristic echoes following the usual ring-
down phase, such that it can discriminate black holes from other horizonless, and
probably exotic, compact objects. With regard to this issue, an analytical though ap-
proximated expression for the complex frequencies of the quasinormal echoes is found
and discussed. At quantum level, we show that static wormholes do not radiate.
1 Introduction
Recently, the first detection of gravitational waves from binary systems of black holes
(BHs) and the “multimessanger” signals obtained from the first observation of the
collision of two relativistic neutron stars have led to important progresses in the un-
derstanding of the most massive and compact objects of the Universe. In these events,
strong gravity effects play a fundamental role with respect to the other interactions
known in nature. The predictions of General Relativity (GR) have been substantially
confirmed: thanks to the data coming from LIGO [1, 2, 3, 4], the existence of the grav-
itational waves has been confirmed. Within the experimental error, the gravitational
waves signals have been related to the most compact macroscopic objects in nature,
namely BHs, but the possible existence of less extreme compact objects could not be
rule out. In fact, we recall that BHs lead to ringdown waveform completely deter-
mined by quasinormal modes (QNMs), which depend only on the mass and angular
momentum of BH. Thus, the possible presence of additional “echoes” in the ringdown
waveform might be the evidence of the absence of event horizon. As a consequence,
exotic horizonless compact objects (ECOs) (gravastars [5, 6], bosonstars [7], or other
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exotic compact objects [8, 9, 10, 11, 12, 13, 14]), could not be excluded as alternative
to BHs. True, such objects ought to violate the Buchdahl radial stability limit, since
R < 2M < 9M/4 in order that echoes be present, and thus be formed from exotic
forms of matter. Wormholes are a possibility here, although they cannot be consid-
ered as compact objects in the usual sense. Therefore we distinguish between ECOs
and wormholes, also on the ground that many wormhole solutions are exactly known
in GR without making appeal to other theories.
Furthermore, since we do not know the metric associated with a gravitational
collapse of two BHs, also in this case echoes could be present. Finally, we recall that
several speculations have been proposed [15] concerning the behaviour of the space-
time near to the BH horizon and its connection to possible quantum gravity effects
or alternative theories of gravity [16].
On general ground, the gravitational ringdown waveform related to an ECO con-
tains QNMs similar to BHs, but with additional sequences of distinct pulses com-
patible with echoes. This peculiar behaviour takes place also if one considers the
geometry of a wormhole (WH) [17, 18], where the spatial region is bounded, but the
event horizon is not present.
In this paper, we will try to present an analysis, investigating at the same time
some features of static spherically symmetric BHs, ECOs and WHs. In most cases
concerning BHs and WHs we are going to study, we will try to show that even if the
metrices differ between them by small parametrs, their nature can be very different,
In particular, we will derive, making use of WKB techniques and in an analytical
way, the spectrum of frequencies forming the echoes in the post ringdown phase
when the event horizon is not present (ECOs and WHs), which future analysis of
observational data could discriminate between BHs and other compact objects.
At the fundamental level, we also present a result concerning the Hawking radi-
ation. It is well know that BHs are not black at quantum level, but the Hawking
thermal radiation is present. Of course ECOs do not lead to Hawking radiation,
but we will show that also static WHs do not radiate in the Hawking sense. Only
in the dynamical case, particle creation can be present also in the WHs, but in the
dynamical case, the distinction between BHs and WHs is very subtle.
The paper is organized in the following way. In Section 2 we will revisit the
covariant formalism which permits the description of a generic Spherically Symmetric
Space-time. In the static case, this formalism gives an unique way to define BHs and
horizonless objects as ECOs and WHs. In Section 3 we will investigate fluid models
for BHs, ECOs and WHs in the framework of GR. In particular, we will propose a
reconstruction of regular BH models where the instabilities related to the (popular)
choice of negative radial pressure may be removed. Section 4 is devoted to the study
of QNMs and echoes, and here the analytical formula is presented. In Section 5 we will
add few considerations to the Hawking radiation of both BHs and WHs. Conclusions
and final remarks are given in Section 6. Several Appendices are also added, where
auxiliary material is presented.
In this paper, we set the Newton’s constant as GN = 1.
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2 Spherically Symmetric Space-times
To begin with, for the sake of completeness, we recall the invariant formalism we shall
make use of (see for example Refs. [19, 20, 21]), valid for a generic four dimensional
Spherical Symmetric (SS) space-time,
ds2 = γabdx
adxb + r(xa)2dS2 , (1)
where dS2 represents the metric of a two-dimensional sphere, but the formalism can
be easily generalized to deal with a two-dimensional maximally symmetric space, γab
is the metric tensor of the two dimensional space-time (the normal metric), with
coordinates xa , a = 0, 1, and r ≡ r(xa) is the areal radius and is a function of the
coordinates of the normal space-time. Furthermore, on the normal space-time, it is
possible to introduce the scalar quantity,
χ(xa) = γab∂ar∂br , (2)
which defines a (dynamical) trapping horizon in the following way,
χ(xH) = 0 , ∂aχ(xH) > 0 , a = 0, 1 . (3)
The Hayward surface gravity [19], a scalar quantity related to the existence of the
trapping horizon, is
κH =
1
2
√−γ∂a
(√−γγab∂br)
H
. (4)
Finally, the last important quantity which can be introduced in a generic SS space-
time is the Kodama vector [22]. In our notation it is the vector on the normal space
given by
Ka =
εab√−γ ∂ar . (5)
According with the definition, it follows that the Kodama vector is covariant conserved
in a generic SS space-time.
2.1 The static case
The Static spherically Symmetric (SSS) case is well understood and we will see that,
in the presence of horizons, the Kodama vector allows an invariant way to distinguish
between black holes and wormholes, apart from the case of horizonless compact ob-
jects. Here we will follow the unified and general approach proposed by Sean Hayward
[23].
It is convenient to start with the (usual) metric with coordinates (t, ρ) in the
normal space, namely
ds2 = −A(ρ)dt2 + dρ
2
B(ρ)
+ r2(ρ)dS2 , (6)
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where A ≡ A(ρ) and B ≡ B(ρ) are functions of the radial coordinate ρ only. An
important example is the diagonal Schwarzschild gauge with r = ρ,
ds2 = −A(r)dt2 + dr
2
B(r)
+ r2dS2 . (7)
The associated static isotropic form reads
ds2 = −A(ρ)dt2 + r
2(ρ)dρ2
ρ2
+ r2(ρ)dS2 , (8)
where
dρ
ρ
=
dr
r
√
B
. (9)
Another example is the Regge-Wheeler gauge
ds2 = A(ρ∗)
(−dt2 + dρ∗2)+ r2(ρ∗)dS2 , (10)
with the tortoise given by
dρ∗ =
dρ√
AB
. (11)
We also recall the Painlevè gauge,
ds2 = −A(ρ)dv2 + 2
√
A(ρ)
B(ρ)
dvdρ+ r2(ρ)dS2 , (12)
where the temporal coordinate follows from the identification dv = dt+ dρ∗.
Finally, the proper distance (or Ellis) gauge reads
ds2 = −A(σ)dt2 + dσ2 + r2(σ)dS2 , (13)
with
dσ =
dρ√
B
. (14)
Within the general gauge (6), the invariant quantity χ ≡ χ(xa) in (2) reads
χ = B(ρ)
(
dr
dρ
)2
. (15)
The Kodama vector (5) is given by
K =
(√
B
A
dr
dρ
, 0, 0, 0
)
. (16)
Furthermore, one may introduce the so called Kodama energy ω associated with a
test particle with four-momentum pµ = ∂µI, where I is the relativistic action. Thus,
making use of the Kodama vector (5),
ω = −Kµpµ =
√
B
A
dr
dρ
E , (17)
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where E = −∂tI is the test particle Killing energy. Alternatively, if Tµν is a matter
stress-energy tensor, we may consider the four-vector
Qµ = TµνK
ν , (18)
and in order to deal with a scalar quantity, we may introduce Σ = KµQµ = TµνK
νKµ.
In the static case, one has
Σ =
B
A
(
dr
dρ
)2
T00 . (19)
By definition, both BHs and WHs possess a trapping (event) horizon, given by χH =
0, and this has to be a simple zero. On the other side, if χ is never vanishing, one
obtains a ECO or a static solution with a naked singularity.
In the above general static gauge, the trapping horizon is given by,(
B(r)
(
dr
dρ
)2)
H
= 0 , (20)
which simplifies when ρ = r as,
B(rH) = 0 . (21)
Let us assume that there exists a trapping horizon. Then, we could define a static
black hole as a SSS solution such that ωH (or ΣH) is not vanishing. By looking at
(17), it is clear that this is possible if one also has A(rH) = 0, with A
′(rH) > 0 (we
will denote with the prime index the derivative with respect to the radial coordinate
r). In this case, A(r) has to be proportional to B(r)
(
dr
dρ
)2
. In the gauge where
r = ρ, for a BH, we find B(rH) = 0, with B
′
H > 0, and, due to the fact that A(r) is
proportional to B(r), A(rH) = 0, with A
′(rH) > 0. The Hayward surface gravity (4)
associated with a trapping horizon is defined as
κH =
B′H
2
, (22)
with the Killing surface gravity given by
κkH =
√
B′HA
′
H
2
. (23)
For most of known BHs, A(r) = B(r), and the two surface gravities coincide.
On the other hand, if ωH (or ΣH) is vanishing, we are in the presence of a static
wormhole. It means that A(rH) 6= 0 on the horizon. In this case, according to the
Hayward classification one has to deal with a double trapping horizon. The Hayward
surface gravity reads
κH =
B′H
4
(
dr
dρ
)
H
, (24)
when r 6= ρ, and
κH =
B′H
4
, (25)
when r = ρ. The positivity of the Hayward surface gravity means that there exists
a minimum value for r, which gives rise to the existence of a throat or mouth of a
traversable wormhole.
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2.2 Some examples
Let us start with the exponential gravity metric (see the recent paper [24] where
original references can be found),
ds2 = −e− 2mρ dt2 + dρ
2
e−
2m
ρ
+ ρ2e
2m
ρ dS2 , (26)
where m is a mass constant. Here the areal radius is r = ρe
m
ρ . Thus, making use of
(20), the trapping horizon is located at ρH = m and the associated surface gravity
reads
κH =
e−1
2m
> 0 . (27)
It means that one is dealing with a double trapping horizon since also A(rH) > 0,
and ωH = 0 and we have a traversable static WH, as first observed in [24]. However,
this metric is not phenomenological viable.
Another interesting metric is the one proposed by Damour and Solodhukin [25]
given by,
ds2 = −
(
1− 2m
r
+ λ2
)
dt2 +
(
1− 2m
r
)−1
dr2 + r2dS2 , (28)
where m is still a mass constant and λ is an arbitrary (but small) real constant. Here
ρ = r, the trapping horizon is rH = 2m, and one has to deal with a WH, since
A(rH) = λ
2 > 0 and the Kodama energy vanishes (ωH = 0).
A variant we shall discuss, and which is asymptotically Minkoskian may be defined
by
ds2 = −
(
1− 2m(1− b
2)
r
)
dt2 +
(
1− 2m
r
)−1
dr2 + r2dS2 , (29)
where b2 is a dimensionless very small parameter. Here, again, rH = 2m, but A(rH) =
b2 > 0 and arbitrarily small.
3 Fluid Models in General Relativity
We are interested in solutions of Einstein equation in presence of perfect relativistic
anisotropic fluids. This issue has been largely studied in the literature. For the
isotropic perfect fluid see Ref. [26]. In the following, we only make some remarks on
BHs, WHs and ECOs.
Starting from a SSS metric in the diagonal Schwarzschild gauge,
ds2 = −A(r)dt2 + dr
2
B(r)
+ r2dS2 , (30)
it may be convenient to pass to Painlevè gauge (12), introducing the advanced time
dv = dt+ dr√
AB
. Thus,
ds2 = −A(r)dv2 + 2
√
A(r)
B(r)
dvdr + r2dS2 . (31)
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The Einstein equations are
Gµν = 8piT µν , (32)
with
T µν = (ρ+ pT )u
µuν + pT gµν + (pr − pT )CµCν , (33)
where uµuµ = −1 is a time-like vector and CµCµ = 1 the anisotropy space-like vector.
It is clear that ρ is the energy density, pr the radial pressure and pT the transversal
pressure of the fluid. One derives the following equations,
rB′ +B − 1 = −8pir2ρ , (34)
A′
A
− B
′
B
=
8pir(ρ+ pr)
B
, (35)
p′r +
ρ+ pr
2
A′
A
=
2(pT − pr)
r
. (36)
Thus, given the energy density ρ, B can be computed from (34). Once an equation of
state is chosen, namely pr = f(ρ), the metric function A can be also evaluated from
(35). Finally, the third equation, Tomlman-Oppenheimer-Volkov equation, gives the
form of pT .
As it is well known in vacuum, i.e. ρ = pr = pT = 0, the only solution is the
Schwarzschild one, namely
A(r) = B(r) = 1− 2M
r
, (37)
where M is an integration constant, identified with the black hole mass. In this cele-
brated case, the trapping horizon coincides with the so called event horizon and it is
given by the simple zero of χ = B(r) = 0, namely rH = 2M . Here, the Hayward sur-
face gravity coincides with the usual Killing surface gravity, κH = B
′
H/2 = (4M)
−1.
Furthermore, the Kodama vector also coincides with the Killing vector (1, 0, 0, 0).
For illustrative purposes we mention a (rather unphysical) static WH solution we
have already discussed in (29) is,
B(r) = 1− 2m
r
, (38)
A(r) = 1− 2m1
r
, m1 = m(1− b2) , (39)
In this case, one has ρ = 0, while the radial pressure reads
4pir2pr = − mb
2
r − 2m1 < 0 . (40)
Here, rH = 2m and A(rH) = b
2, with again ωH = 0. The form of pT can be
computed and it is easy to see that the Null energy Condition (NEC ) is violated,
which is consistent with the WH form of the metric. Several other examples can be
constructed. In the Appendix A, it is reviewed another way to deal with possible
existence of static wormholes, namely scalar tensor models.
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Within the framework of GR and by following a similar strategy, one may also
discuss the so called regular BH solutions [27, 28], and for a review see Refs. [29, 30,
31, 32], and their horizonless counterpart.
In this respect, a popular choice is the equation of state pr = −ρ. This gives
A = B, and B is determined by solving (34).
For example, making the choice
B(r) = A(r) = 1− 2mr
2
r3 + 2l2m
, (41)
m, l being constants, one has the well known Hayward regular black hole [28], which
has a de Sitter core for small r and reduces to the Scharzschild case for large r. We
recall that in order to deal with a BH, the mass parameter m has to satisfy the
inequality m > mc = 3
3/2l/4. For m < mc, one has a horizonless ECO. Other similar
solutions are the so called gravastars [5].
Thus, the regularity stems from the presence of the parameter l: once it is not
vanishing, the central singularity is cured because there exists a de Sitter core. How-
ever, here the problems are two: the first one is that the radial speed of sound
v2 = dprdρ = −1 < 0, a clear signal of instability. The second one, is associated with
the presence of a Cauchy horizon, with relative instability related to mass inflation
(see the recent review [33]). In order to avoid such kind of instabilities, one may try
to investigate another equation of state. The simplest one is represented by pr = 0.
With this choice, one finds that the Einstein equations are solved by choosing A, and
with B given by
B(r) =
A(r)
rA′(r) +A(r)
. (42)
The related energy density reads
8piρ =
A(r)
r
2A′(r) + rA′′(r)
(rA′(r) +A(r))2
. (43)
First, it should be noted that no static WH solutions exist within this choice pr = 0,
since if B(rH) = 0 on the horizon, it follows that A(rH) = 0, provided that A
′
H is
not vanishing. For example, if we make the choice A(r) = 1 − 2mr2
r3+2ml2
, one gets an
Hayward “dirty” (A 6= B) regular BH, and if the mass parameter is sufficiently small,
the related ECO. Note that ρ is positive only when A(r) > 0. Thus, for a horizonless
ECO for which A(r) is always positive, ρ > 0. Furthermore, pT can also be computed,
and reads
pT =
1
32
(
(2A′(r) + rA′′(r))A′(r)
(rA′(r) +A(r))2
)
. (44)
We conclude with a remark concerning BHs with pr 6= −ρ. Since on the horizon
only A(rH) = 0, pT is finite here.
As a consequence, with equation of state pr = 0, one has a class of dirty black
holes, generated by a fluid with density and radial pressure vanishing on the horizon.
Since the energy density is positive for r > rH , it follows that in the interior where
r < rH the energy density is negative, but finite at r = 0. In fact, for small r, we get
A(r) = 1 − ar2, namely a de Sitter core, the same behavior for B(r). Now, making
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use of equation (43), it follows that ρ is finite at r = 0. However, the problematic
Cauchy horizon is still present.
4 Quasinormal modes and echoes
The Perturbation Equation - In this Section, we shall discuss the QNMs (see for
example Ref. [34]) related to the static solutions we have discussed, using the general
background metric
ds2 = −A(ρ)dt2 + dρ
2
B(ρ)
+ r2(ρ)dS2 . (45)
We consider a massless scalar perturbation Φ(t, ρ, Ω˜) on the given background metric,
obeying to the equation,
1√−g∂µ
(√−ggµν∂ν)Φ(t, ρ, Ω˜) = 0 . (46)
Here, Ω˜ = (θ, φ) represents the angular coordinates. Making the standard separation
of variables,
Φ(t, ρ, Ω˜) =
1
ρ
φ(ρ)Ylm(Ω˜)e
iωt , (47)
where Ylm(Ω˜) are the spherical harmonics, φ ≡ φ(ρ) depends on the radial coordinate
only and ω is the (generically complex) frequency of the perturbation. With this
choice, we are interested in solutions with Imω > 0. Thus, one arrives at
− d
2φ
d2ρ∗
+ V (ρ)φ = ω2φ , (48)
where the tortoise coordinate ρ∗ is defined by (11) such that ρ = ρ(ρ∗) and for scalar
perturbation the effective potential reads
V (ρ) =
A(ρ)(l(l + 1))
r2(ρ)
+
1
r(ρ)
d2r
dρ∗2
, (49)
l being the orbital angular momentum quantum number. For a massless spin s, one
has (see for example [35]),
V (ρ) =
A(ρ)(l(l + 1))
r2(ρ)
+
1− s2
r(ρ)
d2r
dρ∗2
. (50)
Thus, for electromagnetic perturbation with s = 1, only the first term is present. We
should note that for this last case with s = 1 or for large values of l, the maximum of
the potential corresponds to the photosphere (see Appendix B), where the condition
r
dA(ρ)
dρ
− 2A(r)dr
dρ
= 0 , (51)
has met. In any case, the effective potential associated to BHs, WHs and ECOs
possesses a local maximum for positive values of the tortoise. When ρ∗ is negative,
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the potential tends to vanish in the case of BHs, while reaches a minimum for an ECO
and on the throat of a WH, defined as the location of the minimum area space-like
two-sphere in the manifold. Finally, for larges values of ρ∗ the effective potential goes
to zero (see also Appendix C).
As a check, in the case of Schwarzschild BH with ρ = r, A = B = 1 − 2M/r, M
mass constant, we have
− d
2φ
d2r∗ +
(
1− 2M
r
)(
l(l + 1)
r2
+ (1− s2)2M
r3
)
φ = ω2φ , (52)
which coincides with the well known equation.
Coming back to the perturbation equation (48), we recall that it is an example
of symmetric Sturm-Liouville problem, namely the related second order differential
operator is symmetric. All the difference between the black hole and the various
ECOs lies in the numerical range of ρ∗. It is the real line for BHs, it is a segment
a ≤ ρ∗ for ECOs. But in this case we will assume that a is well inside the peak of the
potential barrier surrounding the collapsed object, hence well inside the light sphere.
And furthermore the ECO will be effectively described by a boundary condition at
ρ∗ = a, which summarizes our ignorance on the nature of the object.
First, let us formulate the problem in general terms. In order to deal with BHs,
WHs, and ECOs it is notoriously convenient to make use of the tortoise coordinate
related to the radial coordinate r. Thus, given the static metric
ds2 = −A(r)dt2 + dr
2
B(r)
+ r2dS2 . (53)
the tortoise coordinate, denoted here by x, is
x =
∫
dr√
AB
. (54)
In this Section, the prime index will be the derivative with respect to x. As a con-
sequence, for BH, the range (rH ,∞) is mapped in the whole real line (−∞,∞). For
WH, the range (rH ,∞) is mapped in (xH ,∞), with xH << 0 in mass units. For the
WH case, the use of a boundary condition at the throat correspond to working in the
manifold M/Z2, where M is the wormhole and Z2 is the isometric reflection map of
M (see Appendix C)1
For example, in a variant of Damour-Solodukhin WH in (38)–(39), with m1 =
m(1− b2), we get
x =
√
(r − 2m)(r − 2m1) + 2(m+m1) ln
(√
r − 2m1 +
√
r − 2m
2
√
2m
)
. (55)
As a result, on the horizon r = 2m, one has xH = 2m
(
1− b22
)
ln
[
b2
4
]
. Thus, if
b2 << 1, xH assumes very large negative values in units of mass. Not surprisingly,
1There are other ways to extend the asymptotically flat region beyond the throat, which we do not
consider here.
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when b2 = 0 one obtains the well known BH result
x = r − 2m+ 2m ln
(
r − 2m
2m
)
, (56)
and the horizon is mapped in xH → −∞.
In the case of ECOs, we shall investigate only a restricted class, namely compact
objects whose metric is a “quasi regular black hole” in the Sakharov sense, namely
having a de Sitter core for small r, but A(r) = B(r) is never vanishing, and there is
no event horizon, nor a related Cauchy horizon. It means that a local minimum is
present when 0 < A(r) << 1. It follows that the range (0,∞) is mapped in (xc,∞),
with xc << 0. One example is the Hayward metric,
A(r) = B(r) =
r3 + 2l2m− 2mr2
r3 + 2ml2
=
(r + a)((r − b)2 + c2)
r3 + 2ml2
, (57)
where we have parametrized the numerator with the negative real root r1 = −a ,
a > 0, and the two complex roots r± = b ± ic, with b , c real numbers. In this way,
A(r) > 0 for r > 0. We recall that this happens only if m < 33/2l/4. This condition
is model dependent. For example, in the Balart-Vagenas-CRKB example [36, 37],
A(r) = B(r) =
(r + lv)
3 − 2mr2
(r + lv)3
, (58)
where lv =
2m
L , with 1/L related to quantum corrections, one has A(r) > 0 for r > 0
as soon as m > 2L27 , recalling that we are using GN = c = 1 units.
In all these cases, it is possible to compute the tortoise x. The result is
x = r +
1
c
tan−1
[
r − b
c
]
G(r) + F (r) , (59)
where G(r) and F (r) are known functions. When r →∞, then x→∞. Furthermore,
x(0) = −1
c
tan−1
[
b
c
]
G(0) + F (0) . (60)
Thus, if 0 < c << 1, x(0) ≃ −1c << 0, and the range is similar to the one of WH
case.
Echoes and WKB - Now the usual boundary conditions (B.C.) associated with the
QNMs for the BH are the Sommerfeld B.C., namely outgoing plane waves at spatial
infinity ρ∗ → +∞ and ingoing plane waves at horizon, since in the BH case, the
horizon is reached when ρ∗ → −∞. It is possible to show that such B.C. make the
resolvent of the perturbation operator singular. As a result, the singular values of ω
are complex numbers. Several analytic approximation techniques are at disposal.
We proceed by considering at first the cases of WHs and ECOs and at second by
taking the BH limit of the results. Coming back to the equation for the perturbation,
one has to deal with
Lφ =
d2φ
dx2
+ (ω2 − V (x))φ = 0 . (61)
Thus, we have formally a Sturm-Liouville problem, and it is convenient to work in
the Hilbert space L2(xc,∞), with xc = xH for WH and xc = x(0) for a ECO, both
negative and very large. It can be considered in some sense as a stretched horizon,
once popular in the black hole community after ’t Hooft made use of it for quantum
black holes. One may wish to avoid an interior boundary in the case of a static
wormhole, and work instead with the two symmetrical barriers equidistant from the
throat, but the basic reasons for echoes is just the same, namely trapped modes which
eventually escape the throat. In all cases, the perturbation operator L is symmetric.
Furthermore, we know that the effective potential V (x) is vanishing at |x| very large,
at least as x−4, and the first derivative even faster, as x−5 (we want the object to
look as far as possible as the exterior region of a non rotating black hole). Thus the
potential flattens and vanishes on the external side and admits a single local maximum
at some xM > 0, of order αM
−2 in Planck units. This maximum raises as the angular
momentum raises while preserving the shape of the potential, in particular its width.
On the inner side with respect to the potential wall, it vanishes exponentially fast
for all metrics described so far, with derivatives vanishing accordingly. Thus, for
xc < x ≪ 0 (and x ≫ xM ) we are in a valid WKB regime, and one may try the
approximate solutions
φ(x) = Ceiωx +De−iωx , (62)
and for x≫ xM , similar solutions
φ(x) = Feiωx +Ge−iωx . (63)
In the expressions above, C ,D ,F ,G correspond to the wave amplitudes.
At the boundary x = xc ≪ 0, we impose the most general linear b.c. As is well
known, this is the Robin b.c., namely
c1φ(xc) + c2φ
′(xc) = 0 , (64)
c1 , c2 being constants. Thus, one has for xc < x≪ 0,
φ(x) = Ceiωx +De−iωx , C(ω) =
D
Q(ω)
e−2iωxc , (65)
where
Q(ω) =
iωc2 + c1
iωc2 − c1 . (66)
In analogy with the scattering theory, it is convenient to introduce the M -matrix, a
2× 2 matrix which maps the vector (C,D) into the vector (F,G). As a consequence,
the entries of the matrix M will depend on the frequencies ω.
With the Sommerfeld b.c. stipulating the absence of outgoing waves, one has
G = 0. As a result, one obtains the relation,
M22
M21
=
1
Q(ω)
e−2iωxc . (67)
The ratio R(ω) = M21/M22 is the reflection coefficient of the barrier so Eq. (67) is
essentially identical to that reported in [38]. OnceM22 andM21 are known, the above
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relation permits the computation of the frequencies ω, which in general are complex
numbers.
The same result can be obtained starting from the Green function (kernel of the
resolvent related to perturbation operator). The Sturm-Liouville method gives,
G(x, y) =
1
W
(
N(x, y) +
f(x)f(y)
M22e2iωxcQ(ω)−M21
)
, (68)
where
N(x, y) = θ(y − x)f(x)g(y) + θ(x− y)f(y)g(x) , (69)
with Lf(x) = 0, satifying the conditions
f(x) = eiωx , x→∞ , f(x) = Ceiωx +De−iωx x→ −∞ , (70)
and Lg(x) = 0, satifying the conditions
g(x) = e−iωx , x→ −∞ , g(x) = Feiωx +Ge−iωx x→∞ . (71)
Here, W is the constant Wronskian associated with f(x) and g(x). It is easy to show
that LG(x, y) = δ(x, y), and the Sommerfeld B.C. at x = ∞, as well as the Robin
B.C. at xc are satisfied. Thus, G(x, y) is the correct Green function of the Sturm-
Liouville problem. Finally, one notes that the G(x, y) is singular when the condition
(67) is satisfied. This is in agreement with Refs. [8, 38].
When one is dealing with a BH, xc = xH = −∞, and since Im(ω) > 0, the QNM
condition reduces to the usual one
M22 = W = 0 . (72)
The entries of M -matrix may be evaluated numerically or by WKB approximation or
other approximations. A complete treatment of WKB approximation can be found
in Refs. [35, 39].
The leading WKB approximation, as reported in Quantum Mechanics books like for
example [40], takes the form
M11 = M22 = θ +
1
4θ
, M12 = −M21 = i
(
θ − 1
4θ
)
, (73)
where θ is given by, for frequencies below the top of the barrier,
θ = eα(ω) , α(ω) =
∫ x2
x1
dx
√
V (x)− ω2 . (74)
Here, x1 and x2 are the classical turning points of the effective potential barrier (where
V (x1,2) = ω
2). Above the barrier ω2 > V (x) and the radical under the integral must
be taken with opposite sign, making θ apparently real. However, the turning points
then move away from the real axis to take complex values, and the WKB result must
be treated with greatest care. For example, in a parabolic barrier the turning points
are complex conjugate, purely imaginary, numbers.
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The quantity α(ω) can be rewritten as
α(ω) = 4(VM − ω2)
∫ 1
0
dy
√
1− y2
√
VM − V (x(y))
−V ′(x(y)) , (75)
where VM ≡ V (xM ) is the maximum of the effective potential, and x = x(y) is defined
by the inversion of the expression
y =
√
VM − V (x)√
(VM − ω2)
. (76)
The simplest approximation is the parabolic one, namely
V (x) = VM − Ω2(x− xm)2 , Ω2 = −V
′′(xm)
2
. (77)
In this case,
θ = e
pi
2Ω
(VM−ω2) . (78)
Making use of the above WKB result, and recalling that M22 = θ +
1
4θ and M21 =
−i(θ − 14θ ), in the case of WHs or ECOs, one has
4θ2 + 1
4θ2 − 1 = −i
1
Q(ω)
e−2iωxc = −i iωc2 − c1
iωc2 + c1
e−2iωxc . (79)
This is a transcendental equation whose solutions gives the complex values of ω, and
this analytical expression is the main result of our paper. It is important to emphasize
that this is only valid for frequencies away from the peak of the barrier, since the linear
matching formulas are no more strictly valid there. In particular, the imaginary part
of the frequencies we are looking for should be much smaller in absolute value than
the real parts, so they do not correspond to the QNM observed by LIGO which have
a damping time of order few ms, the same as the period of the ringdown frequencies.
There are few regimes were this formula is worth exploring. The most important
regime for us corresponds to θ ≫ 1 and levels well below the peak of the barrier,
where the reflection coefficient is close to one. We illustrate this case for Dirichlet
and Neuman boundary conditions for which Q(ω) = ±1. Approximating (79) we get
1 +
1
2θ2
≃ ±i e−2iReω xce2Imω xc , (80)
which taking the logarithm has the solutions (since θ is real)
Re(ωn) =
pi(n± 1/4)
xc
, Im(ωn) =
1
4θ20 xc
. (81)
Since in our approximation Im(ωn) is very small, above we have put
θ20 = e
− pi
Ω
(VM−Re(ωn)2) . (82)
We note that we may also write
Im(ωn) =
1
4θ20 xc
=
1
2T xc
e−2
∫ b
a
|pn(x)|dx , (83)
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where pn(x) =
√
(V (x)− ω2n, a, b are the classical turning points and T ≃ 2xc is the
classical period for motion back and forth between the wall and the peak. When the
exact formula for T is used
T = 2
∫ a
xc
dx
p(x)
, (84)
this is known as the Gamow formula for the width of the resonance. The greater is
xc, the least dumped are the corresponding modes, with a dumping time close to the
period of the classical motion of a particle trapped between the wall and the peak.
Thus these may be interpreted as long lived modes trapped between the boundary
at xc and the local maximum of the potential located near the light sphere (see also
Refs. [25, 41, 42, 43] and references quoted therein).
Given a potential, Eq. (83) may be used to compute the dumping time, and an
example is to be found in the table below. Clearly these modes will cross the barrier
with a reduced amplitude and a characteristic delay time with respect to the usual
modes making up the ringdown signal. They are absent for the simplest black holes
considered here. It has been suggested repeatedly how these echoes might give rise
to detectable effects in new born gravitational astronomy, and their detection will
tell us whether one is dealing or not with a BH. However, for this one has to observe
the signal source over time scales longer than the coordinate time taken by the signal
to come back and forth the reflecting wall. For the Damour-Solodukin solution (28)
with small λ2 this may well be arbitrarily long, as observed in Ref. [25]. For example,
Volkel and Kokkotas in Ref. [41] (Table II in the appendix) have calculated the
QNM frequencies for the exact same DS model with λ = 10−4, obtaining very small
imaginary parts for small n and l. In Table 1, we report our numerical results for the
echoes.
Table 1: The least dumped modes of the Damour-Solodukhin solution (28) with λ2 = 10−4
for different values of n , l in the regime 1 ≪ θ2. The simplest boundary conditions with
Q(ω) = ±1, namely c1 = 0 or c2 = 0, are considered.
n l Q(ω) 2Mω
1 1 1 −0.426368− 0.00377225i
1 2 1 −0.426368− 0.0000808075i
2 1 1 −0.767462− 0.583787i
2 2 1 −0.767462− 0.00215834i
1 1 -1 −0.255821− 0.000893275i
1 2 -1 −0.255821− 0.0000316106i
2 1 -1 −0.596915− 0.0327359i
2 2 -1 −0.596915− 0.000330279i
We see that the imaginary parts are much smaller than the real parts, in contrast
with the usual QNM characterizing the ringing phase of the black holes.
The second regime where the resonance frequencies are well above the barrier seems to
15
be unexplored2, and there again there is available a WKB formula[45]. For the simple
case of a potential barrier the turning points are at the complex values ±i(ω2−VM )/Ω,
and we get
θ = exp
(
ipi
2Ω
(ω2 − VM )
)
Thus |θ| ≪ 1 and the expansion (80) is invalid. Complex solutions will be investigated
elsewhere, but one thing we can say is that the transmission coefficients of these modes
will be larger than for modes below the barrier.
Finally values such that θ is real and of order θ2 ≃ −1, correspond to the turning
points very close to each other and the WKB formula as given is invalid. In this case
an improved WKB formula has been provided by Connors[44] and used successfully
in molecular physics. It probably requires numerical evaluation.
However these values are close to the limit xc → −∞, namely the BH case, and it is
interesting that the frequencies they give
ω2 = VM − 2iΩ
(
n+
1
2
)
, n = 0, 1, 2, ...,Re(ω) < 0 , n = −1,−2, ...,Re(ω) > 0
(85)
are still compatible with the Schutz-Will approximation [46], but of course the real
part is not a fixed constant in the correct solution. The imaginary parts fit very well.
5 Hawking radiation via the tunneling method
In this Section we will investigate the presence of Hawking radiation in the static so-
lutions with horizon we have discussed so far. Of course for astrophysical bodies the
Hawking radiation is not observationally important due to the large masses involved,
but nevertheless it has great theoretical significance. There exist many approaches to
discuss the Hawking radiation phenomenon [47]. Here, we follow the so called tun-
neling method introduced by Parik and Wilczek [48] in its covariant variant dubbed
HT tunneling method [21, 49]. Within the covariant tunneling method, if one makes
use of coordinates system in which the metric is regular and the vector field ∂∂r is
past directed, the range of r is 0 < r <∞. In this way, one simplifies the derivation.
We will choose the Painlevè gauge (31). To start with, we recall that the action of a
massless test particle is given by
I =
∫
γ
∂µIdx
µ , (86)
where γ represent a path crossing the horizon. This implies that the most appropriate
set of coordinates is the one which is regular on the horizon and with ρ = r (we remind
that r denotes the areal radius of the metric). The action satisfies the Hamilton-Jacobi
(HJ) relativistic equation
gµν∂µI∂νI = 0 , (87)
2The formula given above is probably correct for this case too, but we have not investigated this.
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where gµν is the metric tensor. Once the angular coordinates are kept fixed, the radial
trajectory of a massless particle is described by HJ relativistic equation,
γab∂aI∂bI = 0 . (88)
In the Painlevè regular gauge (31), and introducing the particle energy E = −∂vI,
one has
∂rI =
2E√
AB
. (89)
In this regular gauge (see Refs. [20, 21]),
I = 2E
∫
γ
1√
AB
dr , (90)
in which the integration variable r is crossing the horizon. Let us assume the existence
of a trapping horizon located at r = rH , such that from (3) we get,
B(rH) = 0 , B
′
H > 0 . (91)
We can write, near to the horizon,
B(r) = B′H(r − rH) + ... . (92)
One may split the integration over r in three contributions: one in a neighbor of
rH , the other two in which r is different with respect to rH . In the near horizon
approximation, one has
I = 2E
∫
dr√
A(r)
√
B′H(r − rH)
+ I1 . (93)
If one is dealing with a BH, one finds,
A(r) = A′H(r − rH) + ... . (94)
As a consequence,
I = 2E
∫
dr√
A′HB
′
H(r − rH − iε)
+ I1 . (95)
In the expressions above, I1 is a real finite contribution and in the first integral the
horizon divergence is present and it has to be cured by deforming in a suitable way
the integration path according to Feynman prescription for the relativistic propagator
(see Refs. [20, 21]). In this case, an imaginary part of the action is present and reads,
ImI = 2piE
1√
A′HB
′
H
. (96)
Within the WKB approach, the tunneling probability is given by
Γ = e−2Im[I] , (97)
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and one has
Γ = exp
(
− 4piE√
A′HB
′
H
)
. (98)
Thus, the Hawking temperature will be [49],
TH =
√
A′HB
′
H
4pi
. (99)
On the other hand, if one is dealing with a WH, there is a trapping horizon, but AH
is not vanishing and positive. Thus, in the first integral, an integrable singularity is
present, and no imaginary part appears, a strong indication that there is no Hawking
effect in static WH. It is easy to show that this conclusion is gauge independent.
Quantum effects of the type envisaged by Hawking are of course to be expected for
dynamical, time dependent wormholes.
6 Conclusions
In this paper we have presented an unified approach for the study of black holes,
wormholes and horizonless compact objects. We have mainly investigated the Static
Spherically Symmetric case. We have investigated the ringdown phase of QNMs and
we have derived the analytical expressions (79)-(83), which are the main result. They
can be used to reconstruct the complex frequencies of the signal via the Green function
method. We have discussed some regimes and emphasized the approximate character
of the WKB treatment. In the case of wormholes and horizonless compact objects, in
the first regime, we have provided an analytical expression for the complex frequencies,
which shows the presence of echoes, here defined as long lived modes trapped between
the inner wall and the potential barrier. A numerical table confirms the compatibility
of our results with the numerical simulations presented in literature. Furthermore, a
correction to the Schutz-Will formula, valid for wormholes and horizonless compact
objects, is also presented.
From the phenomenological point of view, the most interesting cases are the ro-
tating ones. With regard to this issue, we observe that the ring down phase analysis
in the rotating case may be reduced to a perturbation equation which is formally
described by a Schrödinger operator of the type discussed in Section 4, the only dif-
ference being that the effective potential now contains additional terms depending on
the angular momentum. This has been recently considered in Ref. [11, 12, 38, 50, 51]).
It should be stressed that this is true only when the background spacetime in the ex-
terior of the ultra compact object is the Kerr spacetime. In the case of a generic
rotating gravastars, in general, the exterior metric will not be a Kerr metric, see [54].
A similar situation is to be expected in the rotating wormhole case.
If we include quantum effects, making use of the tunneling method, we have
shown that the Hawking radiation is absent in the static WH case. Finally, using the
results of the paper [49], the absence of Hawking radiation is conjectured valid in the
stationary WH case as well.
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Furthermore, we have investigated some explicit fluid models describing BHs,
ECOs and WHs in the framework of GR. In the specific, by using a reconstruction
technique, we have shown that interesting regular BH or horizonless solutions can be
found without invoking exotic fluids with negative effective equation of state param-
eter, avoiding in this way the well known instabilities. An interesting investigation of
QNMs and greybody factors in several well-known problems in 2+1 and 3+1 space-
times can be also found in Ref. [53].
Appendix A: Scalar tensor models
Another way to deal with possible existence of wormholes is to consider scalar tensor
models. We shall restrict the discussion to GR plus a non self-interacting massless
scalar field. For a general minimal coupled scalar field see the recent review by
Bronnikov in Ref. [30].
The first important example is the celebrated Brans-Dicke theory [55, 56, 57, 58],
investigated in a more general contest in the recent paper [59]. For a geometric
approach see [60]. The action reads
IBD =
1
16pi
∫ √−g (ΦR− ω
Φ
∂µΦ∂
µΦ
)
. (100)
This theory admits a family of SSS solutions given by
ds2 = −W (ρ) 1+εγ dt2 + dρ
2
W (ρ)1+ε
+ r2(ρ)dS2 , (101)
where
W (ρ) =
(
1− 2M
ρ
)
, M = m
√
(1 + γ)/2 , (102)
and the areal radius
r(ρ) = ρW (ρ)−ε . (103)
In the expressions above,
γ =
ω + 1
ω + 2
, ε =
√
2γ√
(1 + γ)
− 1 . (104)
The Brans-Dicke scalar field results to be
Φ(ρ) = Φ0W (ρ)
− 1
(ω+2)
√
(1+γ)2 . (105)
The trapping scalar reads
χ = W (ρ)1+ε(
dr
dρ
)2 = W (ρ)−1 (ρ− 2M − ε) . (106)
Thus, since ρ > 2M , if ε > 0, then there exists a trapping horizon located at
ρH = 2M + ε . (107)
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Since AH = W (ρH)
1+ε
γ > 0, one is dealing with a WH [57, 58]. Now, ε > 0 is
equivalent to γ > 1, namely ω < 0. This means that in order to deal with a WH, the
Brans-Dicke field has to be a ghost, namely with the wrong sign in the kinetic term.
If ω > 0, then γ < 1, and there exists a naked singularity, since there is no horizon.
Note that in the limit |ω| → ∞, γ → 1 and ε→ 0 and we recover the GR BH solution.
The minimally coupled case has been investigated and rediscovered in several
papers, and here we report only the case of a massless scalar ghost field (wrong sign
of the canonical kinetic term) in the parametrization found by Bronnikov [30]. The
static solution is of general form with
r = k2
kemρ
sin kρ
, (108)
and
B = A =
sin2 kρ
r2k2
. (109)
Here, m and k are positive real parameters. It is easy to show that
χ =
k
k2r2 sin2 kρ
(m sin kρ− k cos kρ) . (110)
Thus, the trapping double horizon is located in the correspondence of tanh kρH =
k
m .
Appendix B: Photosphere
It is interesting to discuss the properties of null geodesics in the class of static SSS
with metric (6). To begin with, we first derive the photosphere equation. We can
set θ = pi2 and choose as affine parameter describing a massless particle the angle φ.
Thus, the Lagrangian of a massless test particle reads
L =
1
2V
(
−A(ρ)t˙2 + ρ˙
2
B(ρ)
+ r2(ρ)
)
, (111)
where t˙ = dtdφ , ρ˙ =
dρ
dφ and V is the einbein field which implements the reparametriza-
tion invariance of the massless particle action. The equation of motion associated to
V leads to
A(ρ)t˙2 =
ρ˙2
B(ρ)
+ r2(ρ) . (112)
Then there are two first integrals, the first due to the fact that the Lagrangian is time
independent, namely
A(ρ)
(t˙)2
V
= E , (113)
the other one related to the conservation of the angular momentum
h =
1
2V
(
−A(ρ)t˙2 + ρ˙
2
B(ρ)
− r2(ρ)
)
. (114)
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As a result, (
dρ
dr
)2
u˙2 +Bu2 = J2
B
A
, (115)
where u = 1/r, and J2 = E
2
h2
. For a fixed radius of the photosphere, u = u0, J
2 is
A0u
2
0 = J
2 . (116)
The equation of motion with respect to u is derived as
2
(
dρ
dr
)2
u¨+ u˙
d
dφ
(
dρ
dr
)2
+ 2Bu+ u2
dB
du
= J2
d(BA )
du
. (117)
As a result, from the above equation and (116) with constant u0, one obtains
2A0 + u0
dA0
du
= 0 . (118)
For example, for the Schwarzschild BH, A(u) = (1 − urH). Thus, u0 = 23rH , a well
known result.
In the general static gauge, one has
2A0
(
dr
dρ
)
0
= r0
(
dA
dρ
)
0
. (119)
Appendix C: The tortoise in BH and WH cases
Now we would like to discuss the difference between a BH and a WH in the Ellis
gauge. The key point, as we have already stressed, is the different nature of the
trapping horizon. We may start making use of the proper distance (Ellis) gauge, with
the proper distance defined by
σ =
∫
dρ√
B
+ σ0 . (120)
We can always choose the constant σ0 such that the horizon is located at σH = 0. In
this form, the coordinate σ may be extended to the whole real line, due to the fact
that the metric remains regular.
As a specific but important example, let us consider the variant of the Damour-
Solodukin WH [25], namely a static SSS with ρ = r, A = 1− 2m1r , and B = 1− 2mr ,
with m1 = m(1− b2), m, b (positive) constants. Thus, m1 < m and
ds2 = −
(
1− 2m1
r
)
dt2 +
dr2(
1− 2mr
) + r2dS2 . (121)
Since m > m1 , at rH = 2m, we recover AH =
m−m1
m = b
2, and
σ =
√
r2 − 2mr +M ln
(
r −m+√r2 − 2rm
m
)
. (122)
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Note that the horizon corresponds to σH = 0.
Now let us consider the near horizon approximation with r = 2m + ε. It follows
that σ2 = 8mε, and the near horizon metric can be recast in the form
ds2 = − (a20 + a21σ2) dt2 + dσ2 + (r20 + r21σ2) dS2 . (123)
If a0 is not vanishing, one has a WH in the near horizon approximation, otherwise
we deal with a BH. As a result, one can see that the near horizon metric is regular
also for σ < 0.
The tortoise coordinate is given by
ρ∗ =
∫
dσ√
a20 + a
2
1σ
2
=
1
a1
ln
(
a1σ +
√
a20 + a
2
1σ
2
)
. (124)
Thus, it follows that ρ∗ assumes also negative real values, and on the horizon where
σH = 0 one has
ρ∗H =
1
a1
ln
(√
a20
)
. (125)
In the case of a WH, this is a finite value. If one is dealing with a BH with a0 = 0,
one gets the well known result ρ∗H → −∞.
Within the near horizon approximation, the effective potential in (49) reads
V (σ) = V0 + V1σ
2 , (126)
where
V0 =
(
l(l + 1)
r20
+
r21
r20
)
a20 , (127)
and
V1 =
(
l(l + 1)
r20
+
2r21
r20
)(
a21 −
a20r
2
1
r20
)
. (128)
Thus, in the case of WH with a20 6= 0, V (σ) has a local minimum at σH = 0, as
soon as V1 > 0, namely when a
2
1 >
a20r
2
1
r20
. The local minimum is present also in the
expression V (ρ∗), since ρ∗ is a monotonic function with respect to σ.
Let us investigate other stationary points of effective potential. In the case of BH,
it is well known that there exists a local maximum. The simplest way to see it is to
note that, for large values of l, the effective potential reduces to
V (ρ) =
l(l + 1)A(ρ)
r2(ρ)
. (129)
This leading term has a local maximum when
2A0
dr
dρ0
= r0
(
dA
dρ
)
0
. (130)
An important remark is that this is the same condition which defines the unstable
photon sphere orbit at r = r0. In the case of BH, this local maximum, located
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approximately around the photon sphere, is the only stationary point, because at the
trapping horizon with ρ∗H = −∞ the effective potential is vanishing.
On the other hand, the situation in the case of WH is completely different, since
we have shown that at the trapping horizon, or mouth, there is a local minimum at
ρ∗H = 0. Since the effective potential is still vanishing at ρ
∗ → −∞, it follows that
there exists another symmetric local maximum, located at ρ∗ = −ρ∗0 [25].
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